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• In the effective field theory of quantum gravitation coupled to N 3 scalars, Nf fermions, and 

Ny vectors, tree unitarity is violated at an energy squared of E CM — 20(GnN)~ 1 , where TV = 
|iV s +Nf +4AV and Gat is Newton's constant. This is related to radiative corrections proportional 
to GnNE 2 (where E is the typical energy), due to loops of such particles. New physics must enter 
5_j \ before Ecu ~ 6 x 10 18 GeV in the standard model, and 4 x 10 18 GeV in the minimal supersymmetric 

I- standard model. 

<\ 

Shortly after discovering the fundamental constant of quantum mechanics that now bears his name, Planck noticed 
that it may be combined with the fundamental constants of relativity and gravitation to make a constant with the 
, units of mass. This mass also bears his name, Mpi = (Hc/Gn) 1 ^ 2 ~ 10 19 GeV/c 2 . While he could not know the 
physical significance of this extremely large mass, he did remark that it could be considered as the fundamental unit 
(NJ ] of mass. 

A century later, we still do not know the true physical significance of the Planck mass. Instead, we regard the 
Planck mass in the context of an effective quantum field theory of gravitation Q, QjQ. At leading order, this theory 
is simply Einstein's theory of general relativity. Beyond leading order, there are corrections to the predictions of 
Einstein's theory proportional to powers of E 2 /M Pl , where E is the typical energy of the process under consideration 
(here and henceforth we work with units where % = c = 1 , for convenience) . Thus the expansion parameter of this 
effective theory is proportional to GmE 2 . This expansion, and hence the usefulness of the effective theory, breaks 
down at energies of order the Planck mass. 

In this paper we endeavor to make this statement more precise. We use tree unitarity to determine the energy 
qj' a t which the effective theory of quantum gravity breaks down. While dimensional analysis dictates that the theory 
breaks down at energies of order Mpi, it does not reveal the presence of dimensionless constants. Does the expansion 
break down at an energy close to the Planck mass, Mp; ss 10 19 GeV, the reduced Planck mass, Mpi/y/Sw ~ 2.4 x 10 18 
.£h ! GeV (which appears naturally in Einstein's theory or perhaps some altogether different energy? 

When the effective theory breaks down, a new description of the physics becomes appropriate. This new description 
may become relevant before the energy at which the effective theory breaks down. Thus the energy at which the 
effective theory breaks down places an upper bound on the energy at which new physics must enter. Unitarity has 
been used to determine the energy at which other effective field theories break down, such as the Fermi theory of the 
weak interaction Q , the spontaneously-broken electroweak theory (with no Higgs boson) , and the standard model 
in higher dimensions Q. 

The partial- wave amplitude for a 2 — > 2 elastic scattering amplitude satisfies the unitarity condition |Reaj| < 1/2, 
where J is the total angular momentum. If the leading-order contribution to the amplitude violates this condition, 
then the expansion cannot converge and the effective theory is useless. Our approach is thus to calculate all 2 — > 2 
scattering amplitudes in quantum gravity and to ask at what energy they violate unitarity. 




FIG. 1: Scattering of elementary particles via s-channel graviton exchange. 
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The standard model contains scalar, fermion, and vector fields, with couplings to gravity that depend only on 
the particles' masses and momenta. At energies of order the Planck mass, the particles' masses are negligible. For 
convenience, we calculate the scattering amplitudes in the symmetric phase of the electroweak theory, where all 
particle masses vanish. 

We begin with the scattering of scalar particles, ss — > s's'. There are two such (complex) scalar particles in the 
standard model, corresponding to the two components of the Higgs doublet field. We consider the case s ^ s', in 
which there is only an s-channel diagram, as shown in Fig.^ There are two reasons for doing so. First, amplitudes 
which include a t- or u-channel diagram do not yield a well-defined partial-wave amplitude, since the integration over 
the scattering angle diverges at 9 = or n. This corresponds to an infrared singularity due to the exchange of an on- 
shell graviton, and is an irrelevant complication which we choose to avoid. Second, the fraction of processes in which 
s = s' diminishes as the number of particles increases. There are many fields in the standard model, so neglecting 
this small subset of processes is a good approximation. It is for these same reasons that we neglect processes of the 
type ss' — > ss'. 

The scattering of scalar particles is actually the most subtle case, since their coupling to gravitons is not fixed 
uniquely by their mass and momenta at leading order. The coupling of a scalar field to gravity is given at leading 
order by 

^9 C = T7^V~9 (-2A + R) + V~9 Wd^M - m 2 |0| 2 + aR\cp\ 2 ) + ... (1) 

where g is the determinant of the metric, A is the cosmological constant, R is the Ricci scalar, m is the scalar mass, 
and a is a free parameter. We do not know the value of a in the standard model, so we leave it as a free parameter. 
It is only for a scalar field that such an ambiguity exists. The case m = 0, a = — 1/12 corresponds to the conformal 
limit of the theory |g. 

The amplitude for s-channel scalar-scalar scattering, at energies much greater than the scalar mass, is 

A{s s _> s 's') = -^G N E CM [4„ - (1 + 12a) 2 4o] (2) 

where Ecu is the total center-of-momentum energy and „/ is the Wigner d function, where J is the total angular 
momentum, \i = A — A is the difference of the helicities of the initial-state particles, and pi = X' — A' is the difference of 
the helicities of the final-state particles. The first term corresponds to J — 2 exchange, while the second corresponds 
to J = 0. The J — component of a virtual graviton couples to the trace of the energy-momentum tensor, which 
explains why the J = term vanishes in the conformal limit (a = —1/12), where Tfi = 0. 

The presence of a J = component of a virtual graviton does not violate any physical principles. While a real 
graviton must contain only helicity ±2 components j^, fToL ITU - a virtual graviton can contain a J = component. 
There is no violation of angular-momentum selection rules in quantum gravity, as recently claimed in Ref . |12J . This 
claimed was based on the assumption that a virtual graviton cannot have a J = component. 
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TABLE I: Scattering amplitudes for scalars, fermions, and vector bosons via s-channel graviton exchange in terms of the Wigner 
d functions. The subscripts on the particles indicate their helicities. All particle masses have been neglected. An overall factor 
—2wGnEq M has been extracted from the amplitudes. 

We calculate the scattering amplitude, in the high-energy limit, of all s-channel processes with initial- and final-state 
scalars, fermions, and vector bosons. This covers all the particles of the standard model, as well as the supersymmetric 
standard model (excluding gravitons and gravitinos). Only certain amplitudes are allowed, due to helicity conservation 
in the gravitational interaction of the external particles in the massless limit. The nonzero amplitudes are given in 
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Table D 1 

We now convert these amplitudes to partial- wave amplitudes, aj, denned by 

A = 16tt ^](2 J + l)ajd J ^, . (3) 

,7 

Thus the matrix of J = 2 partial- wave amplitudes is proportional to the matrix of Table [U but with the Wigner d 
functions discarded, and the term proportional to g?q eliminated from the ss — ► s's' amplitude. 

We wish to diagonalize the matrix of partial-wave amplitudes when there are N s scalars, Nf fermions, and Ny 
vector bosons. To simplify the task, let us combine the states /+/_ and /-/+ into the single state /-/+, where /_ 
denotes any of the fifteen left-handed states of one generation (ur,u g ,u b ,ur, ug,ub, c2r, da, ds^R, dc ds, e~ ,e + , v)? 
Since all fermions have the same gravitational interactions (in the massless limit), we should consider the normalized 
state obtained by summing over all fermion-antifermion states, (l/-*/iV/) £/_/+. The same is true of the scalars and 
the vector bosons. Furthermore, the states V+V- and V~V+ are identical in the partial- wave amplitudes, so we need 
only consider the former. 

We are thus led to construct the matrix of partial- wave amplitudes in the basis of states (l/y/Ns )Sss, 
(1/a/-/V/)E/_/_|_, and (1 / s/ Ny)^V+V- , as shown in Table ITT1 Each element in the matrix corresponds to a sum 
of many identical amplitudes. For example, the element in the first row, second column, sums the amplitudes for 
N s pairs of scalars scattering into Nf pairs of fermions. Hence the element is proportional to N s Nf times the 
normalization factors l/^fW s and l/y/Nf from the basis states. 3 
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TABLE II: J = 2 partial- wave amplitudes for N s scalars, Nf fermions, and Nv vector bosons via s-channel graviton exchange. 
The subscripts on the particles indicate their helicities. An overall factor —GnEq M /40 has been extracted from the partial- wave 
amplitudes. 



Unitarity demands that the eigenvalues of the matrix of partial- wave amplitudes satisfy 

lmaj>\aj\ 2 (4) 
which implies that |Re aj\ < 1/2. The matrix in Tabic ITT1 has only one nonzero eigenvalue, 

4 13 - ~^G N E 2 CM QiV s +N f + 4N v ^j , (5) 

corresponding to the (unnormalized) eigenvector yf^Uss + S /_/+ + 2SV+V_. Tree unitarity is therefore violated at 
an energy squared of 

E 2 CM = 2Q{G N N)- 1 , N=^N S + N f +AN V . (6) 

In the standard model with one Higgs doublet and three generations of fermions, iV s = 2, Nf — 45, and Ny = 12. 
Thus tree unitarity is violated at an energy Eqm — y/ 60/ 283 G^ 1 ^ 2 ~ 6 x 10 18 GeV. This is about one half of the 
Planck mass. 



1 These amplitudes are calculated using the Fey nma n rules of Ref . Il3l , the spinors of Ref . Il4l , and the polarization vectors of Ref . |15| . 
The Wigner d functions may be found in Ref. Ilfl . 

2 We are assuming that neutrinos are Majorana fermions, and that the left-handed state v is not present in the theory. 

3 The diagonal elements of this matrix include processes in which the initial and final states are identical. We are ignoring the t- and 
M-channel contributions to these amplitudes, for reasons discussed above. The s-channel contribution by itself is gauge invariant. 
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FIG. 2: One-loop correction to the scattering of elementary particles via s-channel graviton exchange. The loop contains a 
sum over all elementary particles. 



If nature is supersymmetric, then there are many more particles to consider, since every standard-model particle 
has a superpartner. 4 In the minimal supersymmetric standard model with two Higgs doublets, N s — 45 + 4 = 49, 
N v = 12, and N f = N s + N v = 61. Unitarity is violated at an energy E CM = ^12/85 G~ 1/2 «4x 10 18 GeV. This 
is about one third of the Planck mass. 

Alternatively, one could consider the J = partial-wave amplitude, which only receives a contribution from scalars. 
One finds that tree unitarity is violated at an energy squared of 

Ecm = GiGNNs)- 1 /^ + 12a) 2 . (7) 



We do not know the value of a, so let us choose a = for illustrative purposes. With this choice, tree unitarity 

■y-1 

T N 



. — 1 /2 . • 

is violated in the standard model at Ecm = v3 G n , while in the minimal supersymmetric standard model it is 



violated at Ecm = VQ/7 G n 1/2 « 4 x 10 18 GeV. 

It is easy to understand the origin of the factor TV = |iV s + Nf + 47Vy that appears in the partial-wave amplitude, 

Eq. (0. Consider the s-channel elastic scattering of the state given by the eigenvector y^|Ess + S/_/+ + 2Y,V+V-, 
represented by the tree diagram in Fig. ^ The one-loop correction to the amplitude due to particles other than 
gravitons is given by the diagram in Fig. [21 where the loop contains scalars, fermions, and vector bosons. Elastic 
unitarity, via Eq. Q (with the inequality saturated), tells us that the imaginary part of the J — 2 partial wave of 
this one-loop diagram equals the square of the J — 2 partial wave of the tree diagram. Thus the factor N is simply 
the weighted sum over all the particles that circulate in the loop. 
The J — 2 partial-wave amplitude to one-loop order is 

a 2 = 4 1) (l + Re<4 2) M 1) +*4 1) ) (8) 

where the superscript in parentheses indicates the order in G^E 2 . We have used Im — la^l 2 m t ne arjove 
equation, as well as the fact that a,2 > given by Eq. (JSJ, is real. The unitarity condition |Re d2\ < 1/2 implies 
\ a 2^\ — 1/2 a * tree level. We see that this corresponds to the imaginary part of the one-loop correction being less 
than half of the tree-level amplitude. This is a reasonable criterion for the convergence of the perturbative expansion. 

(2) 

The real part of the one-loop correction, Re a 2 , is ultraviolet divergent. This divergence is absorbed into the 
coefficients of the R 2 and W- V R^ IV terms in the Lagrangian [2]. Thus the coefficients of these terms, relative to the 
coefficient of the R term in the Lagrangian of Eq. are of order GnN, rather than simply Gn- 

Since N is large, it is interesting to consider the large- N limit of the scattering amplitude, defined as N — > 00 while 
keeping GnN fixed. In this limit, the leading correction to the scattering amplitude at n order arises from the 
(n — l) th iteration of the one-loop diagram, as shown in Fig. |3 17]. One can sum the geometric series generated by 
these leading corrections, to obtain 

1 — xte a 2 I a,2 — io,2 



This expression for the J — 2 partial wave satisfies elastic unitarity, Eq. Q (with the inequality saturated), exactly, 
regardless of the size of Thus, at leading order in 1 
violation of tree unitarity at the energy given in Eq. JHJ. 



regardless of the size of ■ Thus, at leading order in 1/N, unitarity is respected at arbitrary energies, despite the 



4 The superpartners of the vector bosons are Majorana fermions, so / = / in the scattering amplitudes. The same is true of Majorana 
neutrinos. 
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FIG. 3: Multi-loop correction to the scattering of elementary particles via s-channel graviton exchange in the large-iV limit. 
Each loop contains a sum over all elementary particles. 

The amplitude in Eq. J!|J) holds on the positive, real s axis above the branch cut. More generally, the amplitude in 
the complex s plane, in the large- N limit, may be obtained from Eq. Q by analytic continuation: 



where n 2 is an arbitrary renormalization scale. This amplitude is unitary, but a pair of complex-conjugate poles on 
the physical sheet violate the usual analyticity properties. These poles yield acausal effects which become appreciable 
at energies near (GnN)^ 1 / 2 [l7j . 

In this paper we have found that tree unitarity is violated in the effective field theory of quantum gravity coupled to 
N s scalars, Nf fermions, and Ny vectors, at an energy squared of Eq M = 20(GnN)~ 1 , where N = |iV s +Nf + ANy- 
We showed that this is related to radiative corrections, proportional to GnNE 2 , due to loops of such particles in the 
graviton propagator. New physics must enter before Eqm ~ 6 x 10 18 GeV in the standard model, and 4.6 x 10 18 GeV 
in the minimal supersymmetric standard model. 
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